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Pressure Based Calculation Procedure for Viscous Flows
at All Speeds in Arbitrary Configurations

K. C. Karki*
General Motors Corporation, Indianapolis, Indiana

and
S. V. Patankarf

University of Minnesota, Minneapolis, Minnesota

A calculation procedure for viscous flows at all Mach numbers has been described. The scheme has been
developed for a nonorthogonal coordinate system. In order to handle both incompressible and compressible flows,
pressure has been selected as a primary dependent variable in preference to density. The pressure field is evaluated
using the compressible form of the SIMPLER algorithm. The accuracy of the proposed scheme has been assessed
by comparing the results with experimental data or other numerical results available in the literature.

Nomenclature
a = combined convection-diffusion coefficient
b = source term in the discretization equation
c1? c2, c3 = geometric relations between coordinate

systems
de, dn — coefficients in the pressure equation
/ = Jacobian of the inverse coordinate

transformation
p',p" = pressure corrections
p = pressure
u,v = Cartesian velocity components
M£, un = velocity components along £, r\ coordinate

directions
U, V = contravariant velocity components
V = velocity vector
x, y = Cartesian coordinates
&^,$^,&n,$n = geometrical quantities, Eqs. (24-27)
<l> = dependent variable
£, r\ = axes of curvilinear coordinates
p = density
F = diffusivity

Subscripts
e, w,n,s = east, west, north, and south faces of a

control volume
£, W, N, S = east, west, north, and south neighbors of

the grid point P
P = pertaining to the grid point P
u,v = pertaining to the velocity components u

and v

Background

THE computation methods developed for solving the vis-
cous fluid flow problems traditionally have been classified

as methods for incompressible flows and those for compress-
ible flows. The methods developed for incompressible flows
are generally characterized by the use of pressure as a main
dependent variable and a staggered grid arrangement to pre-
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vent a checkerboard pressure pattern.1 The schemes for com-
pressible flows, on the other hand, employ density as a
primary variable and extract pressure from an equation of
state.2 4 Further, most of these methods are based on a
nonstaggered grid in which all variables are stored at the same
location. These schemes cannot be used for incompressible or
low Mach number flows, because in these situations the
density changes are very small and the pressure-density cou-
pling becomes very weak. Efforts have been made to alleviate
this difficulty by adding a fictitious density term as the time
derivative term in the continuity equation.5'6 A time marching
scheme is then used to compute pressure via a fictitious
equation of state. The solution is valid only when a steady
state is reached. Such a scheme, however, cannot be employed
to predict situations in which mixed compressible and incom-
pressible flows are encountered.

A method that uses pressure as a primary dependent vari-
able is free from the aforementioned difficulties encountered
with the density-based methods. This is due to the fact that
pressure changes are always finite, irrespective of the flow
Mach number. Thus, the use of pressure as a primary variable
allows the development of a calculation procedure that is
valid for the entire spectrum of Mach numbers.

In this paper, details of a recently developed calculation
procedure are presented.7 The method is based on the steady-
state form of the Navier-Stokes equations, unlike the un-
steady form used in the density-based methods. Other efforts
in this area include the work of Hah,8 Rhie,9 and Issa.10 The
present work, however, has many unique features. It is based
on a staggered grid arrangement so that no difficulties are
encountered in the evaluation of pressure. The method has
been developed for generalized nonorthogonal coordinates
and uses the velocity components along the grid lines as the
dependent variables in the momentum equations. To avoid
complicated tensor algebra, the discretization equations for
these velocity components are obtained using an algebraic
manipulation of the discretization equations for the Cartesian
velocity components. Further, the effect of pressure on density
has been implicitly included in the equations. The scheme
is based on the compressible form of the SIMPLER
algorithm.1'11

Governing Equations
The steady-state form of the differential equations govern-

ing the conservation of mass, momentum, energy, and other
scalars, such as the kinetic energy of turbulence, can be cast
into a general form as12
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In this equation, 0 is a general dependent variable and S(£, rj)
is the source term of (f> in the ({, rj) coordinates.

Discretization of the Equations
General Scalar

The discretization equations are obtained by integrating the
governing equations over a control volume. For a typical
control volume around the point P, shown in Fig. 1, the
integration of Eq. (1) with A£ = AT/ = 1 gives

p^-r^

YC^-A
J dr]

_

J dr]

\
+ SJ (8)

Equation (8) involves the values and the gradients of the
dependent variable at the control-volume faces. This requires
an assumption about the variation of 0 between two grid
points. For the terms on the left-hand side, which are treated
implicitly, the power-law profile of Patankar1'11 is used. A
linear 0 distribution is assumed for the terms on the right-
hand side, which are treated in an explicit manner. It should
be noted that the explicit terms are purely diffusive and should
be small for high Reynolds number flows. The final discretized
equation can be expressed as

aP(f)P = aE + b (9)

where the aE, aw, etc., denote the combined convection-
diffusion coefficients and b includes all the terms calculated
explicitly, including the source terms.

Momentum Equations
The above discretization procedure can be used for all

variables if the expression for the source term S(£, rj) is
available. The source terms for the scalars can be easily
derived. But, due to the vector nature of the momentum

Fig. 1 Basic element for a finite-volume method.

Fig. 2 Grid configuration with Cartesian velocity components as the
dependent variables.

equations, the complexity of the source terms for the velocity
components varies with the choice of the reference coordinate
system to which these components belong. For example, for
the Cartesian velocity components the governing equations
are very similar to those for a scalar. However, the governing
equations for the curvilinear velocity components, such as the
contravariant or the covariant components, involve additional
curvature terms that arise due to the fact that these compo-
nents do not have a fixed direction, and momentum is con-
served along a straight line.

Due to the rather simple form of their conservation equa-
tion, the Cartesian velocity components are the preferable
choice for the dependent variables in the momentum equa-
tions. This practice, in conjunction with a nonstaggered grid
arrangement, is used in almost all the methods developed for
compressible flows and in a few methods for incompressible
flows.13-14 The use of a nonstaggered grid for incompressible
flows leads to checkerboard pressure and/or velocity fields,
unless some specialized techniques for coupling the velocity
and pressure fields are devised. The use of the Cartesian
velocity components in a staggered grid arrangement requires
storing both velocity components at each face15 or corner16 of
a control volume. This results in extra computational effort
even in the regions where the grid is orthogonal. It should be
noted that if only one velocity component is stored at each
control-volume face,8 the applicability of the scheme will
depend on the orientation of the grid relative to the Cartesian
reference frame.

To avoid the above difficulties with the use of the Cartesian
velocity components, the projections of the velocity vector
along the grid lines are chosen as the dependent variables in
the present work. Since these velocity components are ori-
ented along the grid lines, only one velocity component is
stored at each control-volume face. The curvilinear velocity
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components have been used by only a few researchers17'18

because the resulting equations are very complicated. In the
present work, however, the discretization equations for these
velocity components are obtained by an algebraic manipula-
tion of the corresponding equations for the Cartesian velocity
components. This procedure avoids any reference to the
differential form of the conservation equations for the curvi-
linear velocity components. The details of the discretization
procedure for the momentum equations are now described.

With reference to Fig. 2, suppose that the dependent vari-
ables are the Cartesian velocity components located at the
control-volume faces. Since the diffusivities for both these
velocity components are the same and their differential equa-
tions are being integrated over the same control volume, the
resulting discretization equations will have identical influence
coefficients, except for the source terms. These equations can
be written as

apiip = aEuE + awuw + aNuN + asus + bu (10)

= aEvE + awvw + aNvN + asvs + bv (11)

The velocity component along the £ direction ut P is related
to Up and vp as

dx dy^
}

(12)W2

If the finite difference approximations for up and vp are
substituted in Eq. (12), we obtain, after slight rearrangement,

4- a

where

= anuE + a12vE

(13)

(14)

(15)

(16)

(17)

(18)

with

From Eqs. (14-17), the primed velocities are recognized as
the velocity components parallel to u^ at the neighboring
points.

It is seen that the primed velocity components such as u^E
are combinations of u^E and un E and the above formulation,
as such, would not permit a field solution for the velocities
used as the dependent variables. This difficulty can be easily
removed by introducing the "actual" neighbors (e.g., u^E) in
the discretization equation, as follows:

Fig. 3 Typical continuity control volume.

In Eq. (19), terms such as aE(u^E — u^E) and similar terms
in the source term b'u^ represent the effect of curvature and are
equivalent to the discretized source terms, which would have
resulted from tensor analysis. These terms are treated in an
explicit manner.

For later reference, Eq. (19) is rewritten for the velocity
component u^e in Fig. 3, with the pressure gradient term
appearing explicitly, as follows:

nb + Ae(Pp ~ P E) + b (20)

where the summation is over the four neighbors of e and bu^
now includes all terms calculated explicitly.

Continuity Equation
The integrated continuity equation for a control volume

around the grid point P, shown in Fig. 3, can be written as

(21)

where U and V are the contravariant velocity components
defined earlier. These can be expressed in terms of the velocity
components u^ and «,,, as follows:

U = oL^-^un (22)

y— a u — p HZ (23)

where

C3
:7'

(24)

(25)

(26)

(27)

09)

Due to our decision to have pressure as a primary depen-
dent variable, the continuity equation must be converted into
an equation for pressure or a related quantity. This is done by
combining the discretized continuity and momentum equa-
tions. In the present work, a compressible form of the SIM-
PLER algorithm has been used. In this procedure, two
pressure correction equations are solved. The first pressure
correction (/?') is used to update the existing pressure and
density fields; the second pressure correction (/?") is used to
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correct the velocity field to ensure continuity of mass. The
main steps in the derivation of equations for these pressure
corrections are presented next. Full details are available in
Ref. 7. The p" equation is considered first.

p "-equation
The velcoity field obtained after solving the momentum

equations, with the existing density and pressure fields, will
not, in general, satisfy the continuity equation. This implies
that the current pressure field is imperfect and a correction/?"
must be added to it. The velocities and density react to this
change in pressure as follows:

=

= de(p"P -p"E\ (28)

(29)

The quantity K represents a measure of the influence of
pressure on density and can be obtained from the equation of
state. The value of K depends on the assumption used in the
evaluation of the partial derivative in Eq. (29). For the results
presented here, the fluid is assumed to undergo an isentropic
process, so that K is the inverse of the square of the speed of
sound. Other alternatives, such as an isothermal process, also
can be used. However, it should be noted that upon conver-
gence the pressure (hence density) changes will vanish, and
the final result will be independent of the precise choice for K.

The mass flux through a control-volume face (for example,
e) is given by

(30)

where superscript 'o' denotes values from the previous itera-
tion and the starred quantities are the currently available
values.

The product (pu^) in the first term in Eq. (30) can be
expressed as

*ul + p"u\ (31)

In Eq. (31), the second order term p"u"\ has been omitted.
Replacing the velocity and density changes in terms of pres-
sure changes, the mass flux can be expressed as

(pU)e =

(32)

At this stage, a decision must be made about the value of
density at a control-volume face. In this regard, it should be
noted that in compressible flows the continuity equation acts
as a transport equation for density. Thus, the interpolation
for density should be similar to that for a scalar, but with
Mach number as the governing parameter instead of the
Peclet number. An additional requirement on the density
interpolation is that, in conjunction with the differencing of
the pressure gradient term, it should yield a pressure or
pressure correction equation that exhibits the correct Mach
number dependent behavior. That is, the character of the
resulting equation should be elliptic in the subsonic flow
regime and hyperbolic in the supersonic regime. Further, the
transition from subsonic to supersonic flow should be smooth.

In the present study, a first-order upwinding has been
employed for density and the pressure gradient term is always
discretized using central differencing. Use of upstream density
also has been suggested by Patankar19 and Issa and Lock-
wood.20 With this, the expressions for density and density
corrections at the interfaces are

"t.c-

It should be mentioned that the nature of the pressure
correction equation in the present formulation is very similar
to that of the compressible potential equation, and the prac-
tice of density upwinding along with central differencing for
the potential gradient term is very widely used in potential
flow calculations (e.g., Refs. 21-23). Such a differencing
scheme results in the correct Mach number dependent behav-
ior for pressure.

The dependence of pressure on mass flux can be illustrated
by using a one-dimensional situation for which Eqs. (32-34)
can be combined to give

(pu)e = (pu)f + p$de(p"P -p"E) + u*KPp" (35)

In Eq. (35), the diffusion-like term involving de is responsible
for the downstream pressure effects, whereas the convective
term involving Kp brings the upstream effects. It can be
readily shown that the ratio (p*de/ufKP) is inversely propor-
tional to the square of the Mach number. At low Mach
numbers, the term involving the pressure difference is domi-
nant, and the equation exhibits the elliptic nature of pressure.
As the Mach number increases, the influence of upstream
pressure becomes more dominant, and the hyperbolic nature
of flow is recovered.

The continuity equation now can be written as

app"p = aEp"E + awp"w + aNp"N + asp"s + b+bNO (36)

where

aw =

KE max[ - u£e, 0])

Kw max[w JM), 0])

KN max[ - u*n, 0])

Ks max[w*J9 0])

KP max[n J><?, 0])

w + KP max[ - uf ;w, 0])

-<,, 0])

(37)

(38)

(39)

(40)

(41)

(42)

It should be noted that with K = 0, the above equations are
valid for incompressible flows also. The formulation of the
pressure correction equation is now complete, and a few
comments about its solution need to be made. First, the
nonorthogonal terms, which involve the velocities along the
control-volume faces, should be calculated using the continu-
ity-satisfying velocity field from the previous iteration. Such a
practice exhibits a much better convergence behavior com-
pared to a method in which the currently available imperfect
velocities (from the solution of the momentum equations) are
used to calculate these terms. By lagging these terms by one
iteration, the continuity equation cannot be satisfied impli-
citly, if solved only once. To avoid this difficulty, the pressure
correction equation is solved two or three times.
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Second, in the derivation of the pressure correction equa-
tion, the second order term p"u"\ was ignored. Consequently,
if the updated velocities and densities are used to calculate
mass flow rates, these will not satisfy the continuity equation
exactly. In order to obtain flow rates that would ensure the
conservation of mass, it is preferable to correct the flow rates
themselves rather than to obtain them from the corrected
velocity and density fields.
p '-equation

The steps in the derivation of the first pressure correction
(p') equation are similar to those for the p" equation outlined
above. The purpose of/? ' equation is to correct the existing
pressure and density fields. In the derivation of/?" equation,
the discretized continuity equation was combined with a
truncated form of the momentum equations. Now, the full
momentum equations, e.g., Eq. (20), are used and the starred
velocities used earlier are replaced by the pseudovelocities,
defined as follows:

(44)

(45)

CHANNEL WALL

Therefore, the source term b in p' equation is calculated
using the pseudovelocities rather than the actual velocities. In
addition, since the convective terms now involve the pseu-
dovelocities, the upwinding of density is also decided by these
velocities. However, the source term bNO arising due to
nonorthogonality of the coordinate system should still be
based on the actual velocities.

Overall Solution Procedure
At this point all the ingredients of the calculation procedure

are available and may be assembled. The sequence of steps is
as follows:

1) The density values are obtained from the current pres-
sure and temperature fields.

2) The coefficients and source terms for the momentum
equations are calculated from the available values of various
variables.

3) The first pressure correction (/?') equation is solved.
This is used to correct the existing pressure and density fields.

4) With the updated pressures, the momentum equations
are solved. These velocities, in general, will not satisfy the
continuity equation.

5) The second pressure correction (/?") equation is solved,
and the flow rates and velocities are corrected.

6) The enthalpy equation is solved and temperature field is
extracted from the solution.

7) Steps 1 through 6 are repeated until convergence is
reached.

Applications
The present calculation procedure has been used to solve a

variety of problems.7 These include inviscid compressible
flows and viscous (laminar and turbulent) incompressible and
compressible flows. Here the emphasis is on compressible
flows, and only one example of incompressible flow will be
presented. The performance of the present scheme is evaluated
by comparing the results with experimental data or with other
numerical results available in literature.

Flow in a Channel with a Bump
The capability of the present method is demonstrated by

computing inviscid flow in a channel with a bump on the
lower wall. This test case has been used by various researchers
to test their schemes.24'25

INFLOW OUTFLOW

T BUMP CHANNEL WALL

Fig. 4 Channel with a circular arc "bump."

Fig. 5 Isomach lines for subsonic flow.

-1.0 -0.5 0.0 0.5

Fig. 6 Surface Mach number distribution for subsonic flow: comparison
with second-order Gudonov scheme.24

(1) Subsonic Flow
The channel under consideration is shown in Fig. 4. It has

a 10% thick circular arc "bump" on the lower wall. The
distance between the walls is equal to the chord length of the
bump. Results have been obtained using a 62 x 22 nonuni-
form sheared grid. The grid lines are closely packed in and
near the bump region.

Boundary Conditions
At the inlet, total temperature, total pressure, and the

transverse velocity component are specified. At the exit, the
static pressure is specified. This imposed isentropic static-to-
stagnation pressure ratio implies a Mach number of 0.5.
Along the solid surfaces of the computational domain, the
tangency condition is applied. The stagnation enthalpy is
assumed to be constant in the computational domain.

Results
Figures 5 and 6 show the isomach lines and the Mach

number distribution along the walls, respectively. The com-
puted solution is very symmetric about the midchord, which is
a good indication of the accuracy of the scheme for this
subsonic flow application.

Figure 6 also shows the numerical results of Eidelman et
al.24 using the second-order Gudonov scheme. The agreement
between the two sets of results is very good. It should be
mentioned that the level of agreement between the present
results and others available in literature (e.g., Ref. 25) is very
similar to that shown in Fig. 6.
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(2) Transonic Flow
In this section, results for transonic flow in the same

channel with 10% thick arc bump are presented. The imposed
static-to-stagnation pressure ratio implies a Mach number of
0.675 in this case. The grid arrangement and the treatment of
boundary conditions are identical to those described for the
subsonic flow presented above.

Results
The isomach lines and the Mach number distributions for

this flow situation are shown in Figs. 7 and 8, respectively.
Now, a supersonic region appears in the solution which is
terminated by a shock. The numerical results of Eidelman et
al.24 using the first-order Gudonov scheme are also shown in
Fig. 8. It is seen that the present method underpredicts the
shock strength by about 10%; the maximum Mach number
predicted by the present method is 1.1, as opposed to about
1.2 obtained using the Gudonov scheme. The use of a second-
order scheme such as MacCormack's25 or Gudonov's24 results
in a still higher shock strength. As expected, in the regions
away from the shock, results obtained using different schemes
are in good agreement with each other.

The underprediction of the shock strength indicates exces-
sive dissipation in the vicinity of the shock wave. In the
present computational scheme, there are two sources of nu-
merical diffusion: the upwinding of convective terms in the
momentum equations, and the upwinding of density in the
continuity equation. These two effects are probably producing
more dissipation than is necessary to stabilize the solution.
This shortcoming can be remedied by using higher order
upwind schemes. Efforts in this direction are currently under
way.

(3) Supersonic Flow
For supersonic flow, a channel with a 4% thick arc bump

with an inlet Mach number of 1.65 was considered. This
particular configuration was considered to facilitate the com-
parison of the present results with those obtained by Eidel-
man et al.24 using the first-order Gudonov scheme.

The computations were performed on a 67 x 22 sheared
grid similar to that used in the previous two calculations. At
the inflow boundary all variables were specified, whereas all
variables were extrapolated at the exit.
Results

The isomach lines and the Mach number distribution on
the walls for this case are shown in Figs. 9 and 10. To
facilitate comparison, the Mach number distribution obtained
by Eidelman et al.24 using a first-order scheme are also
presented. It is observed that there is an oblique shock wave
leaving the leading edge. This leading-edge shock intersects
the top wall and is reflected back to intersect with the shock
leaving the trailing edge. The results from the present scheme
exhibit this behavior, but the resolution of the complex shock
structure is not very good due to smearing of the shock waves.
Use of a higher order scheme would produce a better descrip-
tion of this flow situation.
Planar Supersonic Nozzle

In this section, results are presented for a planar nozzle
(B-l) reported by Mason et al.26 The geometrical details for
this test case are given in Fig. 11. Computations have been
performed using both the (laminar) Navier-Stokes equations
and the Euler equations. The pressure distribution at the wall
and the centerline are compared with the experimental data,26

which were taken at the midspan of the duct walls and on the
centerline of the endwalls.
Computational Details

The numerical results have been obtained using a 47 x 12
sheared grid for the half-nozzle. The grid spacing was uniform
in the transverse direction. In the axial direction, however,
more grid points were placed near the throat.

Fig. 7 Isomach lines for transonic flow.

1.4

1.1

0.8

0.5

0.2

— Present results
A,O Ref. 24

upper .

lower

-1.0 -0.5 0.0 0.5 1.0 1.5 2.0
X

Fig. 8 Surface Mach number distribution for transonic flow: compari-
son with first-order Gudonov scheme.24

Fig. 9 Isomach lines for supersonic flow.

-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

Fig. 10 Surface Mach number distribution for supersonic flow: com-
parison with first-order Gudonov scheme.24

The treatment of boundary conditions for the Euler equa-
tions was presented above. For the Navier-Stokes equations,
the no-slip condition was used at the walls, instead of the
tangency condition. The inlet Mach number was taken as
0.232 and the ratio of the exit static pressure to the upstream
stagnation pressure was fixed at 0.1135, corresponding to the
design condition.

Results
Figures 12-14 show the solution to the Euler equations.

The agreement between the numerical results and the experi-
mental data is seen to be very good at both the nozzle wall
and the centerline positions.

The viscous calculations were performed at a Reynolds
number of 7.5 x 106, based on the inlet half nozzle width and
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DIMENSIONS IN CM

I =11.56 , If = 5.78

hj = 3.52, hf= 1.37
he=2.46

Fig. 11 Planar converging-diverging nozzle.

Fig. 12 Isomach lines for the inviscid case, M — 0.2(0.2) 2.0.

Fig. 15 Isomach lines for the viscous case, M = 0.2(0.2) 2.0.
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0.00

N-S equations
centerline

0.0 0.2 0.4 0.6 0.8 1.0
X

Fig. 16 Pressure distribution at the centerline using the Navier-Stokes
equations.
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0.00

Euler equations
centerline
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O Experimental data
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0.0 0.2 0.4 0.6 0.8 1.0
X

Fig. 13 Pressure distribution at the centerline using the Euler equa-
tions.

0.0 0.2 0.4 0.6
0.00

Fig. 17 Pressure distribution at the wall using the Navier-Stokes
equations.

1.00

0.25 -

0.00

Euler equations
wall

O Experimental data
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0.0 0.2 0.4 0.6 0.8 1.0
X

Fig. 14 Pressure distribution at the wall using the Euler equations.

H

B=50 mm
H = 25 mm
L=245 mm
U =10m/s

Fig. 18 Wedge-shaped flameholder setup.
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Fig. 19 Grid for the fiameholder setup (not to scale).

the critical speed. The results are shown in Figs. 15-17. Again,
the level of agreement between the computed results and the
experimental data is very good.
Flow Around a Wedge-Shaped Fiameholder

The capability of the proposed scheme to compute incom-
pressible flows is demonstrated by computing the turbulent
flow behind a wedge-shaped flame stabilizer shown in Fig. 18.
This flow situation was studied experimentally by Fuji et al.27

with the aid of laser Doppler velocimetry. The flame stabilizer
was an equilateral triangle in cross section with each side (H)
being 25 mm for an average freestream velocity of 10 m/s. The
measured parameters were

Length of the recirculation zone = 2.2 H
Amount of air being recirculated = 0.1 min
Maximum reverse flow velocity =0.4 U^,

where

min = inlet air flow rate
Ub = freestream velocity

This case was computed using the present scheme in con-
junction with the two-equation model of turbulence.28 Results
were obtained using a 47 x 22 grid shown in Fig. 19. The grid
was generated by solving a set of elliptic equations.29 Due to
the symmetry of the problem, computations were performed
only for one-half of the setup. The predicted parameters are

Length of the recirculating zone =2.1/7
Amount of air being recirculated = 0.11 min
Maximum reverse flow velocity =0.5 Ub

which are in good agreement with the measurements.

Concluding Remarks
In this paper, a general method for computing compressible

and incompressible flows has been presented. The calculation
procedure is based on a control-volume approach with a
staggered grid arrangement. The momentum equations are
cast in terms of the physical velocity components along the
grid lines, and pressure is retained as a main dependent
variable in preference to density. The method has been used to
solve a variety of incompressible and compressible flows,
ranging from subsonic to supersonic. The results are in good
agreement with those available in the literature except in the
vicinity of a shock, which is smeared due to excessive numer-
ical dissipation. Efforts are being undertaken to improve the
shock capturing capability of the method.
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